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In the framework of a hamiltonian nonperturbative approach we show that
after demanding current conservation together with the Gauss constraints at
some initial time in a nonabelian Nambu model, we recover the corresponding
Yang-Mills theory. In this way, the spontaneous Lorentz symmetry breaking
present in the Nambu model becomes unobservable and the Goldstone modes
can be identified with the corresponding gauge bosons.
1. Introduction
Up to now the search for Lorentz invariance violation (LIV) has been very
elusive, in spite of the tremendous efforts for increasing the precision in the
experimental setups. In this contribution we take the opposite approach, in
which spontaneous Lorentz symmetry breaking (SLSB) arising from a more
fundamental theory does not lead to observable LIV, but rather provides
a dynamical interpretation of the corresponding massless gauge bosons in
terms of the Goldstone modes (GM) arising from such spontaneous break-
ing. This is an old idea pioneered by Dirac,1 Bjorken,2 and Nambu,3 which
has a long history in the literature.4 We will not pay attention to the mech-
anism which induces the SLSB and we will just focus on the low energy
approximation, where only the GM are excited. The most economic way to
do this is by starting from so called nonabelian Nambu models (NANM),
which constitute generalizations of the original Nambu model.3 They are
defined by a Yang-Mills lagrangian, to be called the mother gauge the-
ory (MGT), plus a nonlinear constraint (NLC) encoding the SLSB, which
should be solved and substituted into the lagrangian. This formulation is
analogous to the description of pions in terms of a nonlinear sigma model.
Let us start from the following NANM
L = −
1
4
F aµνF
aµν − JaµAaµ, A
aµAaµ = n
2M2, DµJ
aµ = 0, (1)
coupled to a conserved current Jaµ. Here a = 1, . . . , N are SU(N) labels,M
is the SLSB scale and the constant group vector naµ indicates the direction
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of the vacuum along which the SLSB occurs. In this way, one interprets
the nonlinear constraint as describing a nonzero vacuum expectation value
〈Aˆaµ〉 = n
a
µM . The (3N−1) equations of motion arising from the lagrangian
(1) can be presented in the form
Ea0 + E13
Aa0
A31
= 0, Eai − E13
Aai
A31
= 0, i 6= 3, a 6= 1, (2)
with the notation Eaν = (DµF
µν − Jν)a. Here F aµν is the nonabelian
Faraday tensor and Dµ denotes the covariant derivative. Let us observe
that the 4N equations of motion for the MGT are Eaν = 0, which can
be obtained from Eqs. (2) by demanding Ea0 = 0, for example. Let us
emphasize that we have two theories with different equations of motion
and properties: the NANM is a theory with no gauge invariance having
3N d.o.f., coupled to a conserved current, while the MGT is a standard
gauge theory with N first class constraints, 2N d.o.f. yielding a conserved
current.5
The purpose of this note is to determine and clarify the conditions under
which a NANM turns out to be equivalent to its MGT.
Our main motivation arises from the perturbative calculations previ-
ously performed in the abelian case, where a highly nonlinear theory results
after the constraint and the lagrangian are written in terms of the field re-
definition Aµ = nµ + aµ, n · a = 0, with aµ describing the GM excitations.
In the tree and one-loop approximations, the result for the amplitudes for
some specific processes is that all LIV contributions cancel yielding the
standard results in QED.3,6
2. The non-perturbative hamiltonian approach
Following Ref. 5, the strategy to find the conditions for equivalence is the
following: (1) We take as a benchmark the well-known canonical algebra
and hamiltonian of the MGT, in terms of the basic canonical variables
Aai , E
bj , j = 1, 2, 3. (2) After solving the NLC we determine the canonical
algebra and hamiltonian of the NANM. The most direct (and cumbersome)
way to proceed is to solve the NLC for one variable, A13 for example, and
start the construction from the remaining (4N − 1) coordinates, with the
presence of 2(N−1) second class constraints. Here we present a convenient
parametrization of the NLC that drastically simplifies the procedure. (3)
In any case, it is always possible to express the canonical variables of the
NANM in terms of those of the MGT. In this way, we are able to rewrite the
canonical algebra and hamiltonian of the NANM in terms of the canonical
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variables of the MGT. (4) The comparison of this transcription with the
known results in the MGT allows us to establish the required conditions for
equivalence. Let us introduce the 3N coordinates Φai , where we split the
indices i = 1, 2, 3 into i¯ = 1, 2 and 3, together with the parametrization5
Aa0 = Φ
a
3
(
1 +
N
4Φa3Φ
a
3
)
, Aa3 = Φ
a
3
(
1−
N
4Φa3Φ
a
3
)
, (3)
with N = Φa
k¯
Φa
k¯
+ n2M2. In terms of the new coordinates the NLC in
Eq. (1) is identically satisfied. Let us focus now on the invertible change of
variables Aai = A
a
i (Φ
b
j), which yields A˙
a
i = A˙
a
i (Φ, Φ˙) and A˙
a
0 = A˙
a
0(Φ, Φ˙),
recalling that we also know Aa0 = A
a
0(Φ). We observe that we will not
require the explicit form of the transformations in the following. In this
way, the lagrangian of the NANM can be written as LNANM(Φ, Φ˙). The
coordinates Φai together with the NANM canonically conjugated momenta
Πbj satisfy the standard canonical algebra and define a regular system (i.e.,
no constraints appear in this parametrization). The usual definition of the
nonabelian electric field, Eai = F
a
0i = A˙
a
i −DiA
a
0 , allows us to obtain the
relations
Πbi =
∂Aaj
∂Φbi
Eaj , E
b
i =
∂Φaj
∂Abi
Πaj , Π
a
i Φ˙
a
i = E
b
j A˙
b
j . (4)
Next we calculate the NANM hamiltonian HNANM(Π,Φ) = ΠΦ˙ −
LNANM(Φ, Φ˙) and explicitly verify that it can be written as
HNANM =
1
2
(Eai E
a
i +B
a
i B
a
i ) + J
aiAai −
(
DiE
b
i − J
0b
)
Ab0, (5)
with Bai = ǫijkF
a
jk/2. Here E
a
i , B
a
i , A
a
µ are just labels for the corresponding
functions of (Φ,Π), in terms of which it will be simpler to make contact
with the MGT. Also, these relations would allow the explicit calculation of
algebra among Aai , E
bi, in terms of the NANM canonical algebra. Let us
observe that in the hamiltonian form of the action for the NANM, the last
relation in Eq. (4) identifies Eai as the canonically conjugated momenta
to the coordinates Aai of the MGT. Moreover, since the transformation
among the variables (E,A) and (Π,Φ) is generated only by the coordinate
transformations A = A(Φ), we can assert that this is indeed a canonical
transformation.5 In this way we recover the canonical algebra for the MGT
phase-space variables Aai , E
bi without any further calculation. Summariz-
ing, up to now we have proved that the NANM canonical algebra yields
the canonical algebra of the MGT. Nevertheless, both theories are still not
equivalent because Eq. (5) is not the hamiltonian of the MGT, in spite of
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its almost identical form. In fact, Ab0 are not an arbitrary functions, but
only labels for some combinations of the coordinates in the NANM. Also,
the Gauss functions Gb ≡
(
DiE
b
i − J
b0
)
= Eb0 are not constraints, as they
should be in a gauge theory. To proceed, we calculate the time evolution
of the Gauss functions under the NANM dynamics, obtaining
G˙b = −DµJ
µ +M bcGc +Di(N
ibcGc), (6)
where M bc, N ibc are known functions of NANM phase space. To recover
gauge invariance it is enough to impose the Gauss constraints Gb = 0, to-
gether with current conservation DµJ
µ = 0 at a given time slice t0. Then
Eq. (6) guarantees that Gb = 0 at t0 + δt. Then, according to Eqs. (2),
the equations of the MGT Eaµ = 0 must be valid at t0 + δt. Using the
time independent identity (DµDνF
µν)a = 0 we then obtain DµJ
µ = 0
for t0 + δt. Thus, iterating this procedure from the initial conditions we
obtain current conservation and the Gauss constraints for all time. The
latter can be added to the hamiltonian (5) as additional constraints via ar-
bitrary functions Rb which now replace Ab0 by S
b = Ab0+R
b. The canonical
algebra, together with current conservation, guarantees that no additional
constraints appear. Summarizing, under the initial conditions already spec-
ified, the equivalence between the NANM and the MGT is established.
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